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Abstract 
A new semi-analytical model for electron gun calculations has been developed. The field inside the hollow cylinder with a plane 
bottom as a cathode was found. Paraxial and non-paraxial trajectories were plotted. This model, called “Equivalent cylinder”, 
suits very well for an electron gun with a plane cathode description. The most important achievement of this model is the 
opportunity to describe the crossover size and how its position varies for a wide range of gun geometry and Wehnelt electrode 
bias. The emittance diagrams are discussed.  © 2008 Elsevier B.V.
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1. Introduction 
The calculation of electron optical properties of electron guns with a thermionic cathode is essentially difficult 
because of the field calculation problem. The accuracy of the field calculation must be better than 10−5 in the region 
near the cathode where electron velocities have low values. It is a challenge which very few program packages can 
handle [1]. Meantime the results obtained with such program usage often have a fragmental character because they 
are given only for operating bias values or for the chosen electron gun geometry. 
 
On the other hand, the analytical model developed by R. Lauer has a lot of disadvantages [2,3]. The crossover 
size is determined through the lateral magnification meantime it is a dubious way because the distance between the 
image plane and  focal plane of image space can change considerably with the lens excitation increasing as it takes 
place in long focus guns.  The raw of electron gun modes, ray patterns and emittance diagrams was designed by 
R. Lauer [2,3] empirically because he didn’t know from where the non-paraxial trajectory started. The shadow curve 
method of emittance diagram plotting doesn’t allow to find it and methods of numerical calculation were not 
developed efficiently. 
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The same state of things takes place for the experimental data. The results of experiments give a wide range of 
crossover radius [4, 5] even for the cathodes of little curvature and thereby contradict the result of the fundamental 
work [6] where the changing of crossover radius with a cathode depth wasn’t found. 
 
As a result a designer of electron guns comes across with something like a Hobson’s choice. Keeping in mind all 
the possible electron gun geometry sets and not having a cheap program package or a stable analytical model one is 
forced to stop his choice on the data from the work [6]. 
 
2.  Equivalent cylinder” 
To get more information about an electron generator performance an electron gun model with a plane cathode has 
been developed. Dirichlet problem for a hollow cylinder of L length and radius R have been solved analytically to 
describe the electrostatic field distribution inside (Fig. 1). A potential value at the left bottom (cathode) was 
accepted to be zero and a potential value at the right bottom was taken as Uw0 and it can be treated as a potential 
value in the Wehnelt electrode bore. The cylinder surface has the Wehnelt potential Uw. 
 
 
Fig. 1. Electron optical model ”Equivalent Cylinder” for electron gun description. Electrostatic field distribution is found analytically as the 
Dirichlet problem solution. L0 is the distance between Wehnelt electrode and anode. R is the bore of Wehnelt electrode. L is the cathode depth. 
 
The solution of Laplace`s equation U(z,r) is regular in the region 0<r<R, 0<z<L and it  satisfies to the boundary 
condition: 
 U(z,r) z=0 = 0,      U(z,r) z=L = Uw0, (1) 
 U(z,r) r=R = Uw, (2) 
The solution  was found as a sum of two functions and the interior Dirichlet problem is reduced to Sturm-
Liouville one [7] that is solved by Fourier’s method. 
 
The first function (in the form of series) has zero value at the cylinder r=R and satisfies the boundary condition (1): 
 
 Φ(z,r) z=0 = 0    and    Φ(z,r) z=L = Uw0; (3) 
 
The second function has zero values at the bottoms z=0, z=L and satisfies the boundary condition (2): 
 
 ψ(z,r) z=L = 0,     ψ(z,r) z=L  = 0,     and     ψ(z,R) z=0 = Uw,; (4) 
 
So, the solution can be written as a sum of two series and the potential distribution can be evaluated: 
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 U(z,r) = Uw0 ∑
k
)k,r(A sinh(akz/R)   +   Uw ∑
n
)n,r(B sin(nπz/L) (5) 
ak are the zero-order Bessel function of the first kind roots and A(r,k), B(r,n) can be calculated in the form of special 
functions and not in the integral form. 
 
The typical field distributions Φ(z,r) and ψ(z,r) are shown in Fig. 2(a), 2(b) respectively. The right sides of 
equations (3), (4) are constant and so the appropriate coefficients of the series can be derived as special functions. In 
such a way the field inside the cylinder U(z,r) can be calculated with any given before accuracy inside the cylinder 
and near the cathode too (Fig. 2(c),3). Those two series are not fundamental solutions of Laplace equation and they 
stop converging at the boundaries and the function Φ(z,R) has singularities at the right boundary, but one can 
approximate the axial field distribution by Grivet-Bertram solutions for two cylinders problem [8] or ignore these 
difficulties by using the shorter field length (0.95L instead of L). The singularities of ψ(z,r) are not of considerable 
interest in practice because non-paraxial trajectories are supposed to go far from Wehnelt electrode. 
 
    
 (a) (b) (c) 
Fig.2. (a) Function Φ(z,r) for the cathode lens with boundary condition (3). (b) Function ψ(z,r) for the cathode lens with boundary condition (4). 
(c) The sum of two solutions Φ (z,r) from Fig. 2 a) and from ψ(z,r) Fig. 2 b) is the Dirichlet problem solution U(z,r)=ψ(z,r)+Φ(z,r) and it 
corresponds to the cut-off mode for Uc=0.05⋅Uw0 , L=2R, Uw0 =1kV. 
 
 
 
 
Fig. 3. Axial field distribution for -ψ(z,0), Φ(z,0), U(z,0)= Φ(z,0)-ψ(z,0) related to Uw0. Uw=0.05⋅Uw0, L=2R, Uw0 =1kV. 
 
Therefore the radial and axial derivatives can be found analytically too (Fig. 3). However, the field strength at the 
Wehnelt electrode bore was got 1.35R. That means that an anode potential choice can’t be arbitrary in a wide range 
as well as the geometry of the anode - Wehnelt electrode space because one has to keep this value constant. An 
additional numerical investigation of an anode – Wehnelt geometry influence on Uw0 is necessary. 
 
The field between the anode and the Wehnelt electrode was chosen as one with uniform strength. Though a 
potential value in the Wehnelt electrode bore can change with the bias increasing in a real gun there must always be 
an equipotential surface right which potential and position does not change considerably. So the result corresponds 
to the real L of a larger value. 
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3. Paraxial trajectories and different electron optical modes 
Paraxial trajectories (Fig. 4) as well as non-paraxial ones have been calculated and electron optical properties 
dependences on the Wehnelt bias values have been found. Runge-Kutta procedure of fourth order was used to do it. 
The most important among electron optical features are the asymptotic crossover radius rc,  asymptotic crossover 
position Zc
 
and beam half-angle γ. The focal length of image space f2 was found from the fundamental solutions of 
paraxial equation and crossover radius rc is f2(kT/Uw0)1/2; k is Boltzmann`s constant, T is the absolute temperature of 
the cathode. kT is a paraxial electron start energy, γ is non-axial paraxial trajectory slope at the cathode field exit. 
That is important to note that the Helmholtz-Lagrange law doesn’t fulfill for a cathode lens because the object size is 
changing with the lens strength. In such a way the product γR0/R is more useful and it corresponds to experimental 
values of half-angle. 
 
 
Fig. 4. Paraxial trajectories in (a)  semi-telefocus mode Uw/Uc =0.23, (b)  work mode with minimal focus distance  Uw/Uc =0.75, (c)  minimal 
linear magnification mode Uw/Uc =0.96 , (d)  telefocus mode Uw/Uc =0.97 for L=1.175R geometry. L0 has been chosen as 0.825L for simplicity. 
 
The raytrace of the most interesting electron gun modes with Wehnelt potential changing is presented in Fig. 4:  a 
semi-telefocus mode, a minimal crossover size mode, a linear magnification minimal mode, a telefocus mode. The 
geometry L=1.175R was chosen as one having typical properties and including all the modes but only for Uw0=1 kV. 
kT is of 0.25eV that corresponds to T=2700K for the wolfram cathode [6]. 
 
It is extremely important to point out the two modes within of which a work mode takes place. In the classical 
publication [6] a mode with the hollow current density distribution was used to limit a work mode below but too few 
words were said about how to connect it with electron optical properties. Moreover this phenomenon was explained 
by chromatic aberration preferably not by geometrical ones. The hollow beam formation seems to be somewhere 
near a semi-telefocus mode but it is our opinion that distortion and field curvature played more important part near 
semi-telefocus mode bringing non-uniform current distribution. But inevitably the work mode takes place before the 
telefocus one.  The semi-telefocus mode arises when linear magnification goes to infinity [9]. 
 
In the work mode the asymptotic crossover size as well as the focal distance of image space has minimal value 
(Fig. 5(a)). The range of the bias for which the minimal crossover size remains constant is rather wide for the chosen 
geometry as it has been already shown in [6] but the minimal crossover size changes with geometry (L/R ratio) for 
the result obtained here. Meantime the correspondence in behavior is very good for the middle and low L/R ratio 
values. The minimal asymptotic crossover radius is 0.028R for L=1.175R. Though there were no problems to 
calculate electron optical properties for L/R<0.5 it is of no use because of the impractically high cut-off values given 
by “Equivalent Cylinder” model. That means that the model gives a big error for practical cathode depth values of a 
0                                  1             z/L                2 0                                 1            z/L                 2
(a) 
(b) 
(c)
(d)
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real Wehnelt electrode geometry when L<0.75R. Possible inaccuracies of the model application for the practical 
cathode depth values ( bigger than L>1.5R) can be explained by the low cathode field strength that depends on Uw0. 
                
               
Fig. 5. Generalized dependencies of   (a) crossover size rc/R, semiangle γR0/7R on reduced bias Uw/Uc. 1) 
 for L=2R, 2) for L=1.5R, 3) for L=1.175R, 4) for L=1.1R, 5) for L=0.7R, Uw0=1kV; 
(b) crossover size rc/R, semiangle γR0/7R on reduced bias Uw/Uc. 1) for L=2R, 2) for L=1.5R, 3) for L=1.0R, but Uw0=3kV. 
(c) Asymptotic crossover position Zc=ZF2 dependence on reduced bias Uw/Uc for 1) L=2R, 2) L=1.5R, 3) L=1.0R, Uw0=1-3kV. 
(d) Minimal crossover size rcmin/R, (from Fig. 5 a), b) ) I - for Uw0=1 kV, II - for Uw0=3 kV, on reduced bias Uw/Uc. 
 
The minimal linear magnification (m=0.454 for L=1.175R) mode doesn’t coincide with the minimal crossover 
mode (m=0.8 for L=1.175R) as one can see from Fig. 4 so the electron gun optical models using the linear 
magnification are not accurate for the crossover size determination [3]. Meantime this mode can be very useful for 
such electron optical systems working in critical Koehler mode as electron beam lithographs or micro analytical 
probe devices. 
 
The telefocus mode deserves a special attention. It is very difficult to calculate the field distribution for this mode 
in a real electron gun because the field strength at the cathode has rather a low value and in this mode a paraxial 
trajectory slope can serve as a test of an accuracy of the field calculation with such a numerical method as the finite 
element method (FEM). The field strength at the cathode was found to be 0.02 U/L in this mode for L=1.175R. The 
asymptotic magnification value equals -0.5 for this mode. This mode causes crossover size increasing together with 
(a) (b) 
(d) 
(c) 
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aberration influence though only the aberration increasing was considered to have been responsible [6]. The 
crossover size in this mode can’t be found through focal distance and that makes the results got from the model, the 
linear magnification value in particular, irreplaceable. 
 
The modes in question are relevant only for Uw0=1 kV and for L=1.175R. For Uw0=3 kV semi-telefocus mode 
takes place for bigger values of Uw/Uc=0.5 ratio and telefocus mode can vanish for the cathode depth L<1.5R. But 
there are the local minimums of crossover radius too and this fact has been confirmed recently. The correspondence 
to the result of the work [6] is very good for this case of Uw0=3 kV.  Minimal crossover size changes a little in a 
wide range of L variation.  The asymptotic crossover axial coordinate dependence on Uw/Uc is shown for Uw0=1 kV 
in Fig. 5 (c). The asymptotic crossover can exist even for Uw=0 and for the small cathode depths L=R. It is rather 
interesting that asymptotic crossover position Zc doesn’t depend practically (with accuracy in 10%) on Uw0 changing 
(Uw0 > 1), moreover as one can see from the figure the character of this dependence is the same for  0.5< Uw/Uc<0.7 
for the wide range of L. All the dependencies for Uw0=3 kV but 5 (L=0.7) coincide practically with ones for Uw0=1 
kV. The case of L=0.5 for Uw0=3 kV wasn’t calculated because of the impractically high cut-off potential value. 
 
4. Anode-Wehnelt electrode space influence 
Because of the uniform field linear magnification equals unit, rc doesn’t change with anode voltage increasing or 
L0 changing. But there are some restrictions on the range of  L0 and Ua changing as it was mentioned above. By 
using the formula for uniform field properties [10] one can deduce: 
 rc
a
=rc (5) 
 γa=γR0(Uw0/Ua)1/2/R (6) 
 Zca= −{L0−L+(L-Zc)(Ua /Uw0)1/2} (7) 
The distances Zca and Zca (from Fig. 5(c) ) are measured from the cathode. The upper index a means that the 
magnitudes rca , γa, Zca related to post anode space. The obvious advantage of uniform field model for the anode – 
Wehnelt electrode description consists in the fact that it doesn’t change the character of the dependences from Fig. 5 
on the bias changing..  But the calculations showed that the minimal rc doesn’t change considerably (30%) with the 
Wehnelt electrode bore potential increasing only for the depth range 0.75R<L<1.175R and for Uw0>1 kV  (Fig. 5 
(a), (b), (c)) but for 1.175R<L<2R the minimal crossover radius depends drastically (up to 80%) on the potential 
value in Wehnelt electrode bore. Now it is clear why the crossover size values are so different for long-focus guns of 
various designs [4, 5] and so similar for short focus guns like that used in electron microscopes [6] 
 
5. Non paraxial trajectories and emittance diagrams 
In telefocus mode one can’t find the crossover size from the focal distance and it is desirable to find it tracing 
non-paraxial trajectories. That is one of the examples when an emittance diagram can help. If one hasn’t the plot of 
angular current density it is more practical also to use the emittance diagrams. Non-paraxial trajectories have been 
plotted by using Runge-Kutta procedure of fourth order. The initial energy is kT, the little value of the emission 
angle has been chosen for simplicity. The space charge effects or trajectories returning back have not been taken 
into account. Some results are shown in Fig. 6. 
 
The non-paraxial trajectory radial coordinate re and the slope re` at the exit from the cylinder allows to produce 
the emittance diagram. To transform an emittance diagram into the plane of asymptotic crossover (Fig. 7) the central 
branch 1 created by the rays started perpendicularly to the cathode must be oriented along r` axis. To do it the radial 
coordinate of every non-paraxial trajectory must be transformed in such a way: 
 r  =  re − re′⋅Zc, r′  =  re′ (8) 
re is the radial coordinate and re′ is the slope of a non-paraxial trajectory at the plane of the cylinder exit. 
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Fig. 6. Non-paraxial trajectories in (a) semi-telefocus mode Uw/Uc =0.23, (b) working mode with minimal focus distance mode Uw/Uc =0.75, 
(c) minimal linear magnification mode Uw/Uc =0.96 , (d) telefocus mode Uw/Uc =0.97 for L=1.175R geometry. 
 
To transform an emittance diagram into the plane of asymptotic crossover after the ray passing the anode space 
one can use (5,6) for every point of the diagram from Fig. 7. 
 
The emittance diagram is based on two types of branches. The first type I is made by the trajectories with the 
same start angle and from different emission points. The second type II is created by the trajectories started from the 
same point at the cathode but with different angles. Only the central branch (made by the rays started from the axis) 
of the second type is shown. That is remarkable that such a branch has a loop. The first type branch 3 (tangent of 
emission angle is of 0.75) in Fig. 7(b) stops its movement outward at the boundary of paraxial region. The radial 
coordinate of the branch 3 or 4 (tangent of emission angle is of 1) for r=0 gives a good value for the crossover radius 
for all the modes and coincides well with the paraxial crossover values got through focal distance (Fig. 5(a)). It is 
interesting to note that next branches corresponding the trajectories started with bigger angles than the branch 4 
returned to paraxial region but after that stops moving (curve 5 which tangent of emission angle is of 1.25) inward 
and began to go outward again. After leaving the paraxial region the first type branch 6 (which tangent of emission 
angle is of 1.5) gets the distinctive form and the branch 7 (which tangent of emission angle is of 1.75) is broken 
already. This process as well as the second type central branch can be described by the spherical aberration of third 
and fifth order and the adjacent second type branches are defined by the condition of Abbe sine law perturbation 
[10].  This process takes place for all the modes except the telefocus mode when the second type central branch 
takes “S” form as well as the first type central branch (Fig. 7(c)). But the there is a strong influence of spherical 
aberration in the semi-telefocus mode in comparison with the work mode because the boundary branch of the first 
type (branch 3 from Fig. 7(a)) limiting paraxial region corresponds start angle 26°  and the same branch ( branch 4) 
from Fig. 7(b) corresponds 45° angle value. 
 
The central branch of the first type is described by distortion. The adjacent branches are described by distortion 
and curvature aberration. The strong curvature aberration influence even for the cathode lens with a plane cathode 
can be seen in Fig. 6(c). 
 
The form of outer branches for Uw0=3 kV case is similar to the branches for Uw0=1 kV but if there are loops or 
not for all modes of Uw0=3 kV variant is under investigation.  Such behavior with the loops can be explained that the 
real crossover has not been formed before the cathode shield bore plane. 
(a) (b) 
(d) (c) 
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Fig. 7. Asymptotic emittance diagram at the plane of the cylinder exit for: 
 
(a) semi-telefocus mode for Uw/Uc=0.23; the distance between start points is 0.01R. The tangent value of start angle is 0 for branch 1 , 
0.25 for branch 2, 0.5 for branch 3, 0.75 for branch 4, 0.85 for branch 5 , 0.93 for branch 6, 0.94 for branch 7. 
 
(b)  work mode for Uw/Uc=0.75, the distance between start points is 0.005R. The tangent value of start angle is 0 for branches1, 0.5 for 
branch 2, 0.75 for branch 3, 1 for branch 4, 1.25 for branch 5 , 1.5 for branch 6 , 1.55 for branch 7. 
 
(c) telefocus mode for Uw/Uc=0.97, the distance between start points is 0.002R. The tangent value of start angle is 0 for branches 1 , 
0.25 for branch 2 , 0.5 for branch 3 , 0.75 for branch 4 , 1 for branch 5, 1.25 for branch 6.   Uw0=1 kV, L= 1.175R. The point of the 
paraxial asymptotic crossover position is marked with a cross. 
(a) (b) 
(c) 
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6. Conclusion 
An electron gun work mode takes place between a semi-telefocus mode and a telefocus mode. In the semi-
telefocus mode the focal length has a large but finite value and an infinite value in the telefocus mode. Linear 
magnification goes to infinity in semi-telefocus mode and has a finite value (it is usually less than 1) in the telefocus 
mode. The focal distance of image space growth with the bias changing have been noted in recent publications too 
[12,13]. It is interesting that non-paraxial trajectories converge well in telefocus mode and it can be used for design 
of electron guns for welding. 
 
Another considerable result that the achievable minimal size of crossover changes a little with the geometry ratio 
L/R if the potential in the Wehnelt electrode bore has the bigger value than 2 kV. For lower values potential at the 
plane of the bore the crossover minimal size increases and especially for big cathode depth L=2R. For all the cases 
crossover minimal size can be got for low L values and big Uw0 but crossover radius lower than 15 micrometers for 
R=1mm can be achievable for account of impractically big values of cut-off potential at least for a plane cathode. 
 
Those results have unified representation because crossover diameter and position and beam half-angle can be 
calculated for different values of the distance between anode and Wehnelt electrode using simple formulae. 
 
This data is believed to be useful not only for such electron devices design as lithograph, electron microscope, 
electron beam welding but for CRT too. 
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